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AN EXPLICIT FORMULA FOR COMPUTING BELL NUMBERS
IN TERMS OF LAH AND STIRLING NUMBERS
FENG QI
Abstract. In the paper, the author finds an explicit formula for computing
Bell numbers in terms of Lah numbers and Stirling numbers of the second
kind.
In combinatorics, Bell numbers, usually denoted by Bn for n ∈ {0} ∪ N, count
the number of ways a set with n elements can be partitioned into disjoint and
non-empty subsets. These numbers have been studied by mathematicians since the
19th century, and their roots go back to medieval Japan, but they are named after
Eric Temple Bell, who wrote about them in the 1930s. Every Bell number Bn may
be generated by
ee
x−1 =
∞∑
k=0
Bk
k!
xk (1)
or, equivalently, by
ee
−x−1 =
∞∑
k=0
(−1)kBk
xk
k!
. (2)
In combinatorics, Stirling numbers arise in a variety of combinatorics problems.
They are introduced in the eighteen century by James Stirling. There are two kinds
of Stirling numbers: Stirling numbers of the first and second kinds. Every Stirling
number of the second kind, usually denoted by S(n, k), is the number of ways of
partitioning a set of n elements into k nonempty subsets, may be computed by
S(n, k) =
1
k!
k∑
i=0
(−1)i
(
k
i
)
(k − i)n, (3)
and may be generated by
(ex − 1)k
k!
=
∞∑
n=k
S(n, k)
xn
n!
, k ∈ {0} ∪ N. (4)
In combinatorics, Lah numbers, discovered by Ivo Lah in 1955 and usually de-
noted by L(n, k), count the number of ways a set of n elements can be partitioned
into k nonempty linearly ordered subsets and have an explicit formula
L(n, k) =
(
n− 1
k − 1
)
n!
k!
. (5)
Lah numbers L(n, k) may also be interpreted as coefficients expressing rising fac-
torials (x)n in terms of falling factorials 〈x〉n, where
(x)n =
{
x(x + 1)(x+ 2) · · · (x+ n− 1), n ≥ 1,
1, n = 0
(6)
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and
〈x〉n =
{
x(x − 1)(x− 2) · · · (x− n+ 1), n ≥ 1,
1, n = 0.
(7)
In [4, Theorem 2] and its formally published paper [7, Theorem 2.2], the following
explicit formula for computing the n-th derivative of the exponential function e±1/t
was inductively obtained:
(
e±1/t
)(n)
= (−1)ne±1/t
n∑
k=1
(±1)kL(n, k)
1
tn+k
. (8)
The formula (8) have been applied in [2, 3, 5, 6].
In combinatorics or number theory, it is common knowledge that Bell numbers
Bn may be computed in terms of Stirling numbers of the second kind S(n, k) by
Bn =
n∑
k=1
S(n, k). (9)
In this paper, we will find a new explicit formula for computing Bell numbers Bn
in terms of Lah numbers L(n, k) and Stirling numbers of the second kind S(n, k).
Theorem 1. For n ∈ N, Bell numbers Bn may be computed in terms of Lah
numbers L(n, k) and Stirling numbers of the second kind S(n, k) by
Bn =
n∑
k=1
(−1)n−k
[
k∑
ℓ=1
L(k, ℓ)
]
S(n, k). (10)
Proof. In combinatorics, Bell polynomials of the second kind, or say, partial Bell
polynomials, denoted by Bn,k(x1, x2, . . . , xn−k+1) for n ≥ k ≥ 1, are defined by
Bn,k(x1, x2, . . . , xn−k+1) =
∑
1≤i≤n,ℓi∈N∑
n
i=1
iℓi=n∑
n
i=1
ℓi=k
n!∏n−k+1
i=1 ℓi!
n−k+1∏
i=1
(xi
i!
)ℓi
. (11)
See [1, p. 134, Theorem A]. The famous Faa` di Bruno formula may be described in
terms of Bell polynomials of the second kind Bn,k(x1, x2, . . . , xn−k+1) by
dn
d tn
f ◦ h(t) =
n∑
k=1
f (k)(h(t))Bn,k
(
h′(t), h′′(t), . . . , h(n−k+1)(t)
)
. (12)
See [1, p. 139, Theorem C]. Taking f(u) = e1/u and h(x) = ex in (12) and making
use of (8) give
dn ee
−x
dxn
=
n∑
k=1
dk e1/u
duk
Bn,k(
n−k+1︷ ︸︸ ︷
ex, ex, . . . , ex)
=
n∑
k=1
(−1)ke1/u
k∑
ℓ=1
L(k, ℓ)
1
uk+ℓ
Bn,k(
n−k+1︷ ︸︸ ︷
ex, ex, . . . , ex)
= ee
−x
n∑
k=1
(−1)k
k∑
ℓ=1
L(k, ℓ)
1
e(k+ℓ)x
Bn,k(
n−k+1︷ ︸︸ ︷
ex, ex, . . . , ex).
Further by virtue of
Bn,k
(
abx1, ab
2x2, . . . , ab
n−k+1xn−k+1
)
= akbnBn,k(x1, xn, . . . , xn−k+1) (13)
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and
Bn,k
( n−k+1︷ ︸︸ ︷
1, 1, . . . , 1
)
= S(n, k) (14)
listed in [1, p. 135], where a and b are complex numbers, we obtain
dn ee
−x
dxn
= ee
−x
n∑
k=1
(−1)k
k∑
ℓ=1
L(k, ℓ)
1
e(k+ℓ)x
ekxBn,k(
n−k+1︷ ︸︸ ︷
1, 1, . . . , 1)
= ee
−x
n∑
k=1
(−1)k
k∑
ℓ=1
L(k, ℓ)
1
eℓx
S(n, k).
Comparing this with the n-th derivative of the generating function (2)
dn ee
−x−1
dxn
=
∞∑
k=n
(−1)kBk
xk−n
(k − n)!
(15)
yields
e
∞∑
k=n
(−1)kBk
xk−n
(k − n)!
= ee
−x
n∑
k=1
(−1)k
k∑
ℓ=1
L(k, ℓ)
1
eℓx
S(n, k).
Letting x → 0 in the above equation reveals
(−1)neBn = e
n∑
k=1
(−1)k
k∑
ℓ=1
L(k, ℓ)S(n, k)
which may be rearranged as (10). The proof of Theorem 1 is complete. 
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